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Accuracy of Transcendental Functions on REVIVER-1000
Background

The implementation of the emulation for floatingrgaperation produces different but 2 times
more accurate result as compared to the legacy B{Pi@chines (MEF or A-Series). This
application note compares the results of transagatfinctions between legacy (HP1000) and
emulated system (REVIVER-1000 a.k.a. Kestrel).

Floating point implementation

REVIVER-1000 emulator uses INTEL i486 math coprsoedor all floating point calculations.
The coprocessor implements the floating point arétic as defined in IEEE standard. Modern
coprocessor architecture simplifies the impleméonadf the floating point instructions; as a
result, the REVIVER-1000 system realizes bettefgperance and reduces the error to less than
half of the legacy system. The emulator maps siagtedouble precision calculations of
HP1000 into extended real precision operation imgleted in INTEL i486 coprocessor.

Table 1: Real data representation at the hardware level

HP1000 |EEE (i486)
Single precision Double precision Extended precision
Number of Bits' 32 bits 64 bits 80 bits
Bits for exponent 7 bits + 1 sign bit 7 bits + 1 sign bit 15 bits
Bits for fraction® 23 bits + 1 sign bit 55 bits + 1 sign bit 64 bitd sign bit

Transcendental function implementation

HP1000 implement transcendental functions (suchres cosine) as part of scientific instruction
set. This instruction set is implemented in firmevand uses single precision arithmetic. The
firmware uses mainly Taylor series method to apipnate trigonometric calculations. The error
is enlarged due to error accumulations in singéeigron, an artifact of a series of calculation. In

! Total number of binary bits that represent expoaad mantissa.

2 Exponent is the power of two by which the mantissaultiplied. It can be considered as the scat@efloating
point number.

® Fraction is a string of binary digits that repretsie mantissa without the first digit.
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contrast, the emulator leverages readily availablescendental functions of INTEL i486, which
has much better accuracy as shown below.

Test setup

A small test program, written in FORTRAN-77 as shaw Figure 1 below, calculates
trigonometric functions sine and cosine. This sedtware was run on legacy A900 and on our
emulator system. The output of each test run ispiiech into a spreadsheet and compared
against ideal results to calculate the relativeresf each point.

Figure 1: FORTRAN test source code
ftn7x,q,s

program Example

implicit none

real*4 x, sx, cx
integer*2 i

do1i=-201,201,1
x = float(i) / 64.0
sX = sin(x)
cx = cos(x)
1 write(1, 99) i, X, SX, €X

99 format(1X,14'/64',3F15.10)

end

This program lists 403 calculation results of Sjrgmd Cos(x) in single precision (real*4, 32-
bits) mode. The results are listed with 10 digfteradecimal point.

S(x)=39n(x) forallinteger —201<i<+201
C(x) =Cos(x) for all integer —201<i<+201

where x; =é istheangleinrad, and 1rad :% = 5729

The absolute error of each calculation point isreef as follow:
S (%) =[S(%) = Spe(X)| for all integer -201<i < +201
Croserr (%) =|C(%) = Cre(%)| for all integer —201<i < +201

where S, . (%) and C,, (X ) aretheideal values, derived from Excel spreadsheet

True
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The relative error is defined as follow:

Suen (%) 1 |
el rr( '):& foralllnteger -201<i<+201
e 0075 00)

_ Cour (%) . .
Crogy (%) =—2251 272 for all integer —201<i < +201
Crre (%)

Test result

Figure 2: Distribution of relativeerror for Sin(x)
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Figure 3: Distribution of relative error for Cos(x)
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The relative error of the legacy A900 is more thaite of the result generated by the emulator,

as shown in the distribution charts above anddbgtbelow. The shape of the error distribution
for both calculations is very similar.

Table?2: Error

L egacy A900 Emulator
Maximum Absolute Error 0.0000001756 0.0000000620
SnMaxAbsErr = ma){SAbsErr ()(I )|_ 201S I < +20]}
Maximum Absolute Error 0.0000001410 0.0000000620
COSymanerr = MAXC e, (X )|~ 201< i < +207
Maximum Relative Error 0.0000002658 0.0000001191
SnMaxReIErr = rna){SReIErr (Xi )|_ 201S I < +20]}
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L egacy A900

Emulator

Maximum Relative Error
COSMaxReIErr = ma){CRe”;rr (X, )|_ 201<i < +20]}

0.0000003402

0.0000001346

RMS Relative Error

] 1 +201 )
Sr]RmsF{eIErr =il 7ns ZS?eIErr(Xi)

0.0000000935

0.0000000456

403 i=-201
RMS Relative Error
+201
Co = [—e C? 4
SFmsReIErr \/403 i:ZZ:m RelErr ()ﬁ)

0.0000000968

0.0000000462

The error generated by the emulator is within tt®ueacy limits for single precision calculation

(with 23 bits mantissa). The expected error imglgi precision floating point representation of a

random real number is at most one half of the Isigsiificant bit, which yields a relative error
between approximately and 2%, (i.e., between 0.0000001192 and 0.0000000596).

Conclusion

The result of transcendental calculations frometmailator is more accurate, thanks to modern

IEEE floating point hardware.




